We obtain the inhomogeneous invariance quantum group for the multi-dimensional q-deformed bosonic Newton oscillator algebra. The homogenous part of this quantum group is given by the multiparameter quantum group GL X ; ( ) of Schirrmacher where 's take some special values. We find the R-matrix which gives the non-commuting structure of the quantum group for the two dimensional case.
Introduction
Symmetry is an important concept in physics. Its importance comes from not only its simplifying power but also its relation with conservation laws. Group theory, which is the mathematical tool to study the symmetry of any physical system, also has crucial importance in physics, especially Lie groups and Lie algebras, which are very important in quantum theory. The deformation of Lie groups and Lie algebras, which are necessary to quantize the classical, completely integrable nonlinear systems, are known as quantum groups and quantum algebras [1] [2] [3] [4] [5] . Although the most common way to define a quantum group is to make a deformation of a Lie group, another way is by making transformations on an algebra which leaves the algebra invariant and then check whether the transformations satisfy the Hopf algebra axioms [6] . Since it has been observed that the quantum algebras can be constructed by using deformed oscillator algebra, various studies [7, 8] were done related with the -deformed oscillator algebra. One of them was defined by the following commutation relations [9, 10] 
This system was called a multidimensional q-deformed bosonic Newton oscillator algebra, whose name comes from the fact that it was obtained from the standard quantum harmonic oscillator Newton equation. In these equations, { } and { * } are deformed annihilation and creation operators respectively, where * denotes hermitian conjugates. Here, is the dimensionless quantity that can take only positive real values. N is the usual number operator and the subindexes, and , stand for 1 to . One of the most important properties of the system defined by Eqs. (1) to (3) is related with its symmetry group. Although this algebra is a q-deformed one, its homogeneous symmetry group, which represents rotations in the set of { } and the conjugate rotations in the set of { * },
is not a deformed Lie group. It is SU( ).
In this study, we investigate whether finding an inhomogeneous quantum symmetry group of the above system is possible or not. It is obvious that such an investigation is quite difficult when the operator N is included. Therefore, we make a little change in the algebraic relations defining a system, such that we write H instead of 2N and consider the following system * − 2 * = Hδ
and investigate the inhomogeneous quantum invariance group of the above algebraic structure. In the light of Eq. (2), one can write the following relation
for (N) = =1 N . Thus, it is possible to realize that Eq. (5) comes from Eq. (2). In Sec. 2, we study the inhomogeneous invariance group for the two dimensional case and construct the R-matrix for this system. In Sec. 3, we generalize the results obtained in Sec. 2 for the -dimensional case.
The inhomogeneous quantum invariance group of the two dimensional bosonic Newton oscillator
For the two dimensional consideration of the bosonic Newton oscillator system, the subindexes in Eqs. (4) to (6) count only 1 and 2. That is to say, one can write all relations defining two dimensional bosonic Newton oscillator 
as the transformation matrix. The elements of transformation matrix M are operators. χ 3 and χ 4 are hermitian ones whereas α , β , γ and η are not hermitian for = 1 2. Their hermitian conjugates are denoted by using * notation. Construction of the above transformation matrix will be meaningless unless the non zero elements of matrix M satisfy algebraic relations not only consistent among themselves but also belonging to a Hopf algebra [1] [2] [3] [4] [5] [11] [12] [13] [14] [15] [16] . Before writing what these algebraic relations are, let us write the transformed form of the generators of the two dimensional Newton oscillator algebra
by using Einstein summation convention. It is obvious that summation index runs from 1 to 2 for the two dimensional case. Thus, one can find the following commutation rela-
and their hermitian conjugates. All of these relations should be satisfied in order to obtain the invariance of the Eqs. (8) to (13) according to the transformations (15) to (17) .
To say that successive application of transformations, identity transformation, and inverse transformation are meaningful, the algebraic structure defined by the elements of the transformation matrix M should be a Hopf algebra [11] . The Hopf algebra structure of this system can be studied by defining coproduct, counit, and antipode
Since the coproduct is defined by the matrix multiplication, one can write
From algebra homomorphism, the above coproducts should also preserve the relations (18) to (45). This requirement results with the following additional commutation relation
Thus, the algebra satisfied by the elements of the transformation matrix M can be described by Eqs. (18) to (45) and (55), together with their hermitian conjugates. Although we have found all commutation relations satisfied by the transformation matrix elements, we still have no idea about the inverse of matrix M. To find it, let us rewrite transformation matrix M in the following way
where A is the 4 × 4 square matrix, B is the 2 × 2 square matrix and Γ is the 4 × 2 matrix. With the help of the above notation, it is not difficult to realize that the inverse of matrix M can be written as 
By considering the commutation relations (18) to (23), one can find that D 's commute among themselves. Therefore, as in matrix B, it is not difficult to find the inverse of matrix D, which should be found in order to write the inverse of transformation matrix M.
Up to now, we have discovered that the two dimensional bosonic Newton oscillator algebra has a symmetry that can be described by a quantum group. This situation makes it possible to write the R-matrix that stores up all information about the algebraic structure of the symmetry group. To find the R-matrix, one can write the RMMrelation [17, 18 ]
where Here, the upper indices are used to represent the row number whereas the lower indices are used to represent column number of the matrix elements.
The inhomogeneous quantum symmetry group for multidimensional bosonic Newton oscillator algebra
Now, let us extend our study from two dimensional to the -dimensional one which is defined by the Eqs. (4) to (6) . In these equations all indices can take the values 1 to . To find the invariance group of this system, one can write the transformation of the generators of this algebraic system with the help of (2 + 2) × (2 + 2) square matrix
In the above equality, transformation matrix T was written in a shorthand notation. It includes 2 × 2 square matrix A,
By acting with this matrix T on the generators, one can find the relations (18) to (45) and (55), which leave Eqs. (4) to (6) unchanged under this transformation. In this case, all indices in Eqs. (18) to (45) run 1 to . Although, this leads to having many more equations than in the two dimensional case, the quantum group which represents the symmetry of this system does not have a more complicated structure than the two dimensional case. In order to see the existence of inverse within the transformation matrix T , it is possible to follow similar steps as those considered in the previous section. That is to say, one can write
which concentrates to the matrix A whose elements do not commute among themselves. To verify the existence of the inverse of matrix A, it is also possible to consider the multiparametric deformation, GL ( ), of GL( ) [19] . In Schirrmacher's study [19] , the commutation relations for multiparametric deformed quantum group GL ( ) were given with the following equations
These relations are valid for < and < . The upper indices and are used to represent the row number whereas the lower indices and are used to represent column number of the matrix elements. All indices can take the values 1 to . To adapt multiparametric GL( ) to the matrix A, we compared the relations (81) to (84) with the relations (18) to (23) and obtained that Eqs. (18) to (23) coincide with the Eqs. (81) to (84) for
This concludes that the homogeneous part of matrix T is a quantum group which can be denoted by GL 2 −2 (2 ).
Conclusion
In this work, we have shown that the algebraic structure defined by Eqs. (4) to (6) has an inhomogeneous invariance quantum group. Since the commutation relations satisfied by the homogeneous part of this group are the same as those commutation relations for GL 2 −2 (2 ), it is possible to call the inhomogeneous invariance quantum group of this system as BIGL 2 −2 (2 ), meaning the Bosonic Inhomogeneous two parameter deformed General Linear quantum group. Thus, we have found a new property of the multidimensional deformed bosonic Newton oscillator algebra. It is known that the homogeneous symmetry group of this algebra is SU( ) which can be found by transforming 's to the set of { }. In this study, we consider rotation in the set of { * } and we show that it is possible to obtain the inhomogeneous invariance quantum group for this system whose -deformed characteristic is based on the homogeneous part of this group. It is obvious, that within the limits and H → 1, bosonic Newton oscillator algebra becomes usual boson algebra. H → 1 requires that χ 3 = 1 and χ 4 = 0 in the transformation matrix T . Thus, in the limit → 1, the algebra becomes boson algebra. The transformation matrix, T , belongs to the well known Bosonic Inhomogeneous Symplectic group (BISp), which is also a quantum group [12] . Taking the inhomogeneous part as zero, one can see that the homogeneous part of the transformation matrix, T , becomes S (2 R). Besides the above limiting cases, one can also verify the physical relevance of this study, if it can be applied to the -deformed quantum field theory. The theory of quantum groups can be helpful in the generalization of quantization, and obtain a more consistent approach to interacting field theories.
